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2.1 INTRODUCTION:

Every statement in mathematics must be precise and exact. The rules of logic specify the
meaning of mathematical statements. In the previous chapter the basic conversions of logic was
introduced. Here we have discussed, the conversion of a formal statement into symbolic
language, using quantifiers such as for all or their exists. Every statement is based on proofs and
each proof needs proper reasoning. There are many different types of proofs. In this chapter, we
shall look at some more common type like direct proof, division into cases, proof by
contraposition and proof by contradiction. Logic deals with the method of réasoning. It has
practical applications to the design of computer machines, to computer programming, to
computer languages, to artificial intelligence and to other fields of computer science. It is a base
for electronics and electronics has open the gates for computer science so that we are all now into
the era of Information Technology.

This chapter also consists of number theory. Different properties of rational and irrational
numbers. We have discussed two classical theorems usmg indirect proof. These theorems were
well known more than 2000 years ago.

In everyday life we come across with the concept of algorithms. In the situations like
preparation of tea, sewing of cloths, filling some form etc. These involves sequence of logical
steps, to be performed to achieve the aim.

Let us start with the logical statement.

22  PREDICATES:
" We have seen in Illustration 1.4.1 (vii) that the sentence x + 3 = 7 is not a statement in logic
since its truth value is depend upon the value of x.

. If x = 4, then x + 3 = 7 is true otherwise it is false.
v Another sentence like x > 7, x =y + 4, x + y = z are not statements in logic. Here we will
discuss the ways that propositions can be produced from such statements.
- Consider the sentence x > 7 i.e. x is greater than 7. This has two parts. One is the variable x
and other is the property “is greater than 7”. The property of this sentence is called predicate.

Predicate: The property of the sentence is called predicate which is denoted by P.

- x> 7 is denoted by P (x), where P is the predicate “is greater than 7" and x is the variable.
The sentence P (x) is also called propositional function P at x.

! lustration 2.2.1:

. Let P (x) is x > 7. What are truth values of P (10) and P (3)?

Solution:

" Here P (10) means the value at x = 10.

. . 10> 7is true ~. P (10) is true and since 3 > 7 is false

=~ .. P(3)is false.

Illustration 2.2.2:

" Let Q(x, y)is x = y + 4. What are the truth values of Q (-3, 0), Q (2, - 2) and Q (6, 2)?

- To get value Q (-3, 0) putx=-3 &y =0
5. =3=0+41ie. -3 =4 which is false.
5 Q (=3, 0) is false.
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Note that Q (x, y) is not a proposition but Q (3, 0) is a proposition.
ForQ (2-2)putx=2&y=-2

“2==244 2. 2 =2 which is true

5 Q(2,-2) is true,

Also Q (6, 2) is true.

(7

2.3 QUANTIFIERS:

We have seen when a particular value is assign to the variable let us say x in p ()¢
Propositional function becomes proposition since for that value of x it is either trye or fa]ilel
15 one way to produce proposition from a sentence. However, there is another imPOrtant t
Produce proposition from propositional function which is called quantification, ¥

_The words like all, some, many, none and few are used in quantification, Here We
universal and existential quantification. 4

Universal Quantification of the proposition P(x) or Universal Statement: It is 4 Staten
all values of x, P(x) is true. It is denoted by ¥ x P(x). The symbol V is called universa] qQuiang
Hlustration 2.3.1;

(i) Let P(x): - (- x) = xis a proposition is true for all value of x where x is a real Number

. The universal quantification of P(x); V x P(x) is a true statement.
(i) Let Q(y): y2 = —4.Then v y Q(y) is a false statement for any real number y.

Existential quantification of the proposition P(x): It is a statement in which P(x) is t
some values of x i.e. There exist a value of x for which P(x) is true. The existential quant;

of P(x) is denoted by 3 x P(x). The symbol 3 is called existential quantifier.
Let P(y): y +1<4 then3 y-s. t. P(y) is true.

egy=12-5 . etcButfory=>5,10, ... etc. the statement s false.
Hlustration 2.3.2:
(i): P(x) x is even
. The existential quantification of P(x); 3x P(x) is a true statement.
(i) The statement Jy'y +2 =y is a false, There is no value of y for which proposition P(
2 =y produces a true statement. ’
Illustration 2.3.3:
Rewrite the following statements using variables and quantifiers:
(i) All quadrilaterals have four sides.
(ii) Sum of all angles of a triangle is 180,
(iii) No snakes have hands.
(iv) Some numbers are perfect numbers,
Solution:
Let Q, T, S, N are sets of all quadrilaterals, triangles,
(i) ¥ q € Q q has four sides.
(ii) vt € T, sum of three angles = 180c.
(iii) V' s € S, s does not have hands.
(iviixeN such that x is perfect.

snakes, numbers respectively.
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Illustration 2.3.4:
L Let B ={-56, -39, -5, 0, 8, 12, 50, 56). Determine which of the following statements are true or
alse:
(i) Vv xeB,ifxiseventhenx>0

(ii) 3 x € B, such that x and -x both are in B

(iii) V x € B, if xis odd then x < 0

(iv) V x € B, if x is non zero even number then it is divisible by 4
(v) V x e B, if the ones digit of x is 6, then tens digitis-5or 5.

Solution:
(i) False - -56isevenbut-563% 0
(i) True - 56,-56 € B
(iii) True -+ -39,-5areodd <0
(iv) False - 50is non zero even number, not divisible by 4
(v) True - -56,56 €B

24 RULES FOR NEGATION:
Negation of the Statement: Negation of the given simple statement P is ~P.
Rules for writing Negation of a symbolic statement:
= (D If P is a compound statement which involves only ~, v and A then the negation of P
denoted by ~ P and is obtained by interchanging every v with A and vice-a-versa and replacing
every statement by its negation.
] (2) If the statement involve — or «— then we reunite the statement in such a way that it
ontains only ~, v or A and then write its negation by rule (1).
lustration 2.4.1: '
- Using the rules for negation, write down negation for the following symbolic statements.
D (Pvenar @(pag v (@v~n()PEvy—~r @v)p—(@rr
Solution: '
i) ~[pv@arl~pPvqgv~r
. (~pA~qQv~r
~lprqv(qv~1)]
~PAgQA~(qv~T)
. (~Pv~gA(~qar)
i) ~[(pv q) — 1]
~[~(pvqvr]
~ (pvgAa~r
iv) ~[p— (qAT)]
~ ~[~pv(gaD)]
PA~(qAT)
. PAl~qv~1)
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Rules for writing Negation of a Verbal Statement:

(1) If the given compound statement invOlVinag' .
interchanging every OR by AND and vice a versa. o .
. tion is obt

(2) If the given compound statement involves NOT then nega obtained py o

'y
word ‘NOT’
’ i ‘NOT’ then negation ;

(3) If the given compound statement does not involve gation jg Oby,

inserting the word ‘NOT". lace universal quantifi
(4) If P(x) is true for universal quantifier then repiace i oy

quantifier and vice a versa.

(5) If the given statement involves the word “EVERY” T .
by replacing it by “SOME or THERE EXIST ATLEAST ONE” and vice versa.

Mlustration 2.4.2;
Write the negation of the following statements:
(i) Some girls are sincere.
(if) Twill have tea or coffee.
(iii) You will be smart if and only if you are healthy.
(iv) All men are animals. )
(v) IfIam notina good mood, then I will go to a movie.
(vi) The weather is bad and I will not go to work.
Solution: '
Negations of the above statements are as follows:
(1) Every girl is not sincere. |
(i) Iwill not have tea and coffee.

(iii) You will be smart but you will not be healthy or you will be healthy but you wil
smart.

(iv) There exist a man who is not an animal.
(v) Iam notina good mood butI will not go to a movie.
(vi) The weather is not bad or I will go to work.
Negation of quantified statements:
Consider the statement “All persons in this group are vegetarian”.

Its negation is “It is not true that all persons in this group are vegetarian” i.e. there s
one person who is non-vegetarian. Equivalently we can say that, “there exists at least one
who is not vegetarian (or who is non-vegetarian).

fHO HIEACHSE St Symbolically, le_t G denote the group of persons, then the
statement can be written as ,

~(V x € G) (x Is vegetarian) = (3 x € G) (x is non-vegetarian) or when P(x) denoft
vegetarian”. :

We have A

~(Vx e G)P(x)=(3@x e G) ~P(x) 0f~VXP(x)53x~p(x)

Negation of a universal statement V is logically equivalent to an existential 3 statement

Consider another statement.

#There is a person in this group who is vegetarian”, S}’mbolically this statement is W1t

x P(x)

OR and AND then its negatiop, i by

!
By

or “ALL” then its negatig,, is g
0
l
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Its negation is “It is not true that there is a person in this group who is vegetarian”
Equivalently “All persons in this group are not vegetarian”. : |
Symbolically V x ~ P(x)
s ~3xPX)=V x~P(x)

These rules for negation of quantifiers are ¢
: alled DeMorgans la ifi i
table illustrates negation of quantified statements. g ws for quantifiers. Following

Statement Negation

v x P(x) (all true) 3 x (~P(x)) (at least one false)
3 x (~P(x)) (at least one false) | V x P(x) (all true)

Vv x(~P(x)) (all false) 3 x P(x) (at least one true)
Ix P(x) (at least one true) V x(~P(x)) (all false)

[llustration 2.4.3:
Negate each of the following statements: For G = {1, 2, 3, 4, 5)

(@ 3xeG)(x+3=10) (b) (V x € G) (x + 3 < 10)
() 3xeG)(x+3<5) d(vVxeG) (x+3<7)
Solution:

(@ (vVxeG)(x+3=10)
(b) @3x € G) (x+3210)
©(VxeG)(x+325)
AExeG)x+3>7)
llustration 2.4.4:
Negate each of the following statements:
(a) All the voters are 18 and above.
(b) For all real numbers x, if x > 5 then x2 > 25.
(c) There is an honest shopkeeper.
(d) Square of all non zero real numbers are positive.
olution: _
(a) Some voters are under 18.
(b) Let P(x) is x > 5 and Q(x) is x2 > 25.
The given statement is V x (P(x) = Q(x)) which is equivalent to Vx (~P(x)) v Q(x)).
.. The negation is 3 x (P(x) A ~ Q(x)) i.e. there exists a real number x such that x > 5 and x= <

5.
(c) Let S is the set of shopkeepers, P(x) is “x is honest”. The given statement is (3 x € 5) P(x) or

x P(x). The negation is V x(~P(x)) i.e. All shopkeepers are not honest.
(d)The statement is ¥ x € R —{0}, x>>0
The negative is 3x € R {0}, x2 < 0

5 MULTIPLE QUANTIFIERS:
These are the predicates which are functions of more than one variable. The domains of these

riables may or may not be same. In such cases multiple quantifiers are used.
There are eight ways to apply the two quantifier V and 3 for two variables say X and y.
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8+ Consider the statement “x s related 10y
SPING V) XS relative of v, Then

D (V) (Vy) P(x, y): liveryone 19 related to everybody

o related to someone,

2 (VX)) (3 v) P y) Lveryone
3) (3N)(Vy)P(x, y): Someone 18 related Lo everyone,
@ @N@y) P, '\'.): Someone s related 10 somebocy,
(5) (Vy)(Vx)P(x, y): Liverybody 1 related by everyone,

6 (Vy)@x) Py, y): Everybody i related by someone,
() 3y) (Vx) P(x, ;'): There fs someone whom everyone s relageq

® @3y)(@x) P, y): There is someone whom someone i relateq
Here the order of the quantifiers is very important.
S VXI Yy PN y) is notsame as 3y V x P(x, y).
But VXV yP(x, y)= Yy VxP(x,y) and
IXIyP(xy)=3y3xPlx,y)
lustration 2.5,1:
(a) Let the statement is P(x, y): For every y, there exist X such thatx +y =5,
The given statement is written as V y 3 x, x +y =5.
This statement is true if y = 2, then x =3, if y = 1, then x = 4 and s0 on i.c. if we consig,
Y, then X +y = 5 is true for all y. By reversing order of quantifiers we get3 x Vy, x +y =3
i.e. there exists a single value of x such that foreveryy, x +y=>5 which is not true. Hy,
statement is false.
(b) V x € Z* 3y € Z* such that x = y + 1. This statement is false " x=1¢ Z*buty=0y
. Forx=1thereisnoy e Z*such thatx =y +1
IMlustration 2.5.2:
Negate each of the following statements. .
(@3xVyP(x,y) ®VxVy P(xy ()3y3xVzP(xy,z)
(dVvx3y3z,P(xyz)()VxeA(VyeB(P(ky))
Solution:
Use ~VxP(x) =3x~P(x)
And ~3xP(x) =Vx~P(x)
(@) ~3xVy Pxy)=Vx3y~P(xy)
(b)~(vYxVy P(xy)=3x3y~P(xy)
(©)~@y3xVzP(xy 2)=VyVx3z~P(xy,z)
(d~(x3y3zP(xy2z)=3xVyVz~P(xy,z)
(e)~(VxeA(VyEe B(P(x, y))=3xeV(3ye B(~P(x,y))

EXERCISE 2.1
* Write down the negations for each of the following;
‘s ses |
G) (~pAPV T (i) p~9 (P91 (1) v x e C, C has CPU, where C is set of comf’
2 LetA={l 2,3, 4, 5). Determine the truth value of each of the following statements.
(a) LetP (x):x+3= 10,3x €A, P(x) (b)L§tP(X)=X+3<10,Vx e A, P(x)

(D
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(¢)LetP(x:x+3<53Ixe A S T D L T
’ x):x+3<7,v
Negate the following statements: xeA,P(x)
(i) For all girls g, if g is simple then g has long hair.
(ii) For all natural numbers n, if n is divisible by 6, then n is divisible by 3

. . ANSWERS 2.1
@ (pv~gar (i) (P/\q)v(~q/\~p) (iii) p A (@A ~ 1) (iv) 3 x € C, C has not a CPU.

(3)

(2)

m
(a) False ~* x+3=10=x=7 ¢ A (b) True, " any x e A satisfy x + 3 < 10
() True ' 1+3<5&1 e A (d)False, . for5 e A but5+3 %7

(3 (i) 3 g such that g is simple and g has not long hair.

(ii) 3 n such that n is divisible by 6 and n is not divisible by 3.

(c) q = p: If the number is divisible by 2 then it is an even integer.

(d) ~ p = ~ q: If an integer is not even then it is not divisible by 2.

(e) ~q — ~ p: If the number is not divisible by 2 then it is not an even integer.

ARGUMENT WITH QUANTIFIED STATEMENTS:

2.6
In this section we will study the use of quantifiers to express. different types of statements.

The rule of Universal instantiation:
If some property is true for every object in a set, then it is true for any particular object in a set

Consider the example of universal instantiation.
INlustration 2.6.1:

All men are wise.

Jay is a man

-~ Jay is wise
- Convert this argument using quantifiers.
Solution:
. Let P(x):x is man

Q(x): x is wise
Note that first two statements are premises and the third is conclusion.

. We can express the given argument as follows:

V x (P(x) = Q(x))
P(a), where a is a particular object in the set of men, here a = Jay
" Q(a)i.e. Jay is wise.
lustration 2.6.2:
All tigers are violent.
Some tigers do not eat grass.
. Some violent animals do not eat grass.

Convert this argument using quantifiers.

)lution:
Let P(x): x is a tiger
Q(x): x is violent.
R(x): x eats grass.
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The given argument is;
¥ X (P(x) - Q(x))
IX(P(x) A ~ R(x))
IX(Q(X) A ~ R(x))
Hlustration 2,6.3;
Convert the following arguments using quantifiers and ik
(@) All your friends are perfect. (b) Not everyone is perfect.
Solution:
Let P(x): x is perfect
Q(x): x is your friend.

The domain is a]) people.
Set of

people

{
@ (ﬁg

8 diy
3

Perfect

(@) ¥ x (Q(x) - P(x))

Fig. 2.6.1
Set of
people
(b) ~ V xP(x) =3 x ~ P(x)
Fig.2.6.2
EXERCISE 2.2

Convert the following arguments using quantifiers. State its validity:

(1)  All professors are dreamy.

Ketan is not dreamy.
.. Ketan is not professor.

(2)  All late comers sit in the back row.
Mahesh sits in the back row.
.Mabhesh is late comer.

(3) All human beings are honest.
Rohini is honest.

. Rohini is human being.

(4) No cat eat grass.

Mani is a cat.
. Mani does not eat grass.
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ANSWERS 2.2

(1) P(x): xis professor
Q(x): x is dreamy
Then the argument is
vx, P(x) = Q(x)
~Q(K) K for Ketan
~.~P(K)
-~ Valid
(2) P(x): xis late comer
Q(x): x sits in back row
Then the argument is
vx, P(x) = Q(x)
QM) M for Mahesh
~P(M)
- Valid
(3) P(x): xis human being
Q(x): x is honest
Then the argument is
vx, P(x) = Q(x)
QR) R for Rohini
~P(R) or ~P(R)
.~ Invalid

Honest
All
human

Rohini or Rohini
Fig. AE-1

SRR R A e

(4)

|

-. Valid Fig. AE - 2

.7 . METHODS OF PROOFS: :
Till now we have seen the mathematical proofs which are based on some logical reasoning.

Ve start with the given fact/s and using logical reasoning deduce other facts. Continuing in this
say, till we reach to the aim. Let us see the method of direct proof.

lirect Proof;
It is the most familiar type of proof. The method to prove the conditional statement p = q is

ue, is to assume the original statement p is true and use this fact to show directly that the

nother statement q is true.
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Following steps can be used for direct proof:
*  Start with given fact i.e. here assume p is frue. .
| that statement q is true, thi. .
* Use other facts about statement p to conclude is w; s
P — qis true.
; mpound state ;
Here p is the hypothesis and q is the conclusion. p may be comp ment Jjj, h

A.AHnorHivHav ... vH,.
Let us solve some examples on direct proofs.

Illustration 2.7.1; i tional
. n
Using direct proof, prove that addition of two rational numbers is a rational numbe,.

Solution:

. : ritten in the fo I
Remember that a rational number is a number which can be W rm ofF,r

m,n e Z.
m r
Let x and y are two rational numbers then 3m, n, 1, s € Zsuch thatx=""and y = S Why

0,s=0.
ms + rn
ns

L1
n

+

w |~

Consider x + y =

sincen#0,s#0, . ns#0and alsom,n,r,se€ Z, .. ms+1rn,ns € Z.
. X+ Yy is a rational number.
.. Addition of two rational numbers is a rational number.

Illustration 2.7.2:
Using direct proof, prove that product of two odd integers is an odd integer.

Solution:
Let x and y are odd integers. Then 31, s € Z such that

x=2r+landy=2s+1 By definition of odd number
Consider xy = (2r+1) 2s +1)
=4rs+2r+2s+1 By expanding the brackets
=2(2rs+r+s)+1 Taking 2 common

"rsel=>As+r+sel
Letl=2rs+r+g
=21 + 1 which is odd. By definition of odd number
.. Product of two odd integers is an odd integer.
Illustration 2.7.3: .
Using direct proof, prove that the sum of one even integer and an odd integer is ¥
integer.
Solution:
Let x is an even integer and y be an odd integer,

Then 3 1, s € Z such that
x=2randy=2s+1 By definition of odd and even number
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Consider X+y =2r+(2s+1)
=2(r+s)+1
=21+1
which is odd.

[lustration 2.7.4:

Taking 2 common
Vr,sel=>1=2r+s)eZ

Using direct proof, prove that if n is an even integer then 7n + 4 is an even integer.

Solution:
Letn=2rforsomer e Z
Consider n+4 =7Q2r)+4
=14r+4
=2(7r + 2)
=21

. 7n + 4 is an even integer.

Illustration 2.7.5:

Prove that square of odd integer is odd.

Solution:

Let x is an odd integer.

X =2r+1forsomere”Z

L Xx2=(Q2r+1)2 ’
=Q2r+1)2r+1)
=4r2+2r+2r+1
=4r2+4r+1
=2(2r2+2r) +1
=2l+1
- x2is odd.

Put value of n
Expand bracket
Taking 2 common

Letl=7r+2eZ''relZ

Expanding Brackets
Combining similar terms
Taking 2 common

rel=>2r2+2r=lel

In mathematical logic the given statement is written as V x p(x) = q(x) where

p(x):x is an odd integer
q(x):x?is odd

47

So we have started with the assumption that the hypothesis of this conditional statement is

Tue i.e. p(x) is true and using the definition of odd integer we have proved that q(x) is also true.

(llustration 2.7.6:
n(n + 1!
Provethatl1 +2+3+...+n= >
solution:

LetX=14+2+3+...+n

ThenX=n+(Mn-1)+(n-2)+...3+2+1
.'.X+X=(n+1)+(n—1+2)+(n—2+3)+...+(1+n)
S2X=mn+1D)+@+D)+(m+1)+...+(n+1)

S 2X=n(n+1)

[LHS of given statement]
[By commutative law]
[By term by term addition]

[n times]
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X o n(n: 1)

.'.1+2+3+...+n=n(n“2‘12

Mustration 2.7.7:
Prove that ¥ x, v € Z-, if x divides y,thenx<vy.
Solution:
Given x divides y, .. 3k e Z- such that v =xk Xy
AskeZ- o—=k>1liel<k
= x<xk Multiplying both sidesby x = Z-

et
11

=
\

=>x<vVv ty=xk

2.8 DIVISION IN THE INTEGERS

We will now discuss some important results about division and factoring in ‘Ha Nt
which are needed later.

Theorem 2.8.1:

If n and m are integers and n > 0 we can write m = qn +rforintegersqand rwithO<r<,
Ilustration 2.8.1:

Writtmasqn+rwithO<r<n

=3
=2

(i) m = 20,n=3
m = qn+r
20 = 6(3)+2
r = 2
(i1) m = 64,n=37
m = gn+r
64 N 1(37)+27
r = 27

[f r is zero then we say that m is multiple of n. We write n | m which we read “n divides m".
Le.1fn| mthen m = qnand n < m. Here q is quotient after dividing m by n. If m is not a multp
of n, we write n } m which we read as “n does not divide m”. Note that n/m denote the numbe
nis divided by m
Properties of Dnvnslbility:

Theorem 2.8.2:

Leta, b and c be integers.

(i) Ifalbanda|cthena|b +c

(ii) Ifalbanda|cwhereb>c, thena|b-c
(iii) Ifafbora|cthena|bc
- (iv) Ifalbandb|cthena|c

Proof:
(i) Ifa|band a|c then for some integers k; and k,,
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b=kjaand c=koa
. b+c=(ki+ky)a
al(+c)
(i) Ifa|band a]cthen for some integers k; and ks,
b =kia, and c = kra
b>c .. b-c>0
b—C=(k1—k2)a
al(b-c)
(iii) We have b = kja and ¢ = k,a where k; and k» are some integers.
s bc=kiac or bc=ksab
In either case bc is a multiple of a

a|bc
(1v) Wehaveb=kia and c=kib
C = . kb = ki (kia)
e e (ki k) a
alc

Note that: Ifa|b and a| c then a | (mb + nc) where m and n are any integers.
Algorithm for testing whether the number is prime or not

~ ALGORITHM to test whether an integer n > 1 is prime.

‘i Steps: (1) Check whether n is 2 if so n is prime if not proceed to next step.

o (2) Check whether 2|n if so n is not prime otherwise proceed to next step.

(3) Compute the largest integer k < '\[1’-1 then

49

(4) Check whether d | n where d is any odd number such that 1 <d <k.If d |nthen n

is not prime otherwise n is prime.
Illustratlon 2.8.2:
~ Prove thatifa and b are positive integers such thata|band b|a, thena =b.
.Solution:
; a>0andal|b

there exist some integer ki such that b = kia

Similarly,

“b>0andb|a
. there exist some integer ka such that a = kab

= k1a

N ki (kab) = kikab
# 0

= 1

L)

< (2)
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ki and ks are +ve Integers
ki = Iy =1
from (2)
Q = kgh
l(: = I

a=Db

EXERCISE 2.3

Prove directly that:

(1) Product of one even and one odd integer is an even integer.

(2) Ifx,y e Z are perfect squares then xy is also a perfect square,

() The difference of any two consecutive integers is odd.

(4)  The sum of two even integers is even,

(5) Prove thata +band b + ¢ are even integers, where a, b, ¢ € Z, then a + ¢ is an even integer,
(6) Ifn e Z*, thennis odd if and only if 5n + 6 is odd.

(7). The sum of three odd numbers is an odd number.

(8) Ifaand b are both square numbers then their product is also a square number.
(9) Va,beZ (a+b)and (a-Db)are cither both odd or both even.

(10) If x and y are rational numbers then x2 + y is also a rational number.

2.9 INDIRECT ARGUMENTS: CONTRADICTION AND CONTRAPOSITION:

Indirect Proof:
The proof which are not direct are called indirect proof. These proofs do not start wit

hypothesis and end with the conclusion. But they use negation of the conclusion.
There are two types of indirect proofs.
(i) Contrapositive proof or contraposition proof and

(ii) Proof by contradiction.
(i) Contrapositive Proof or Contraposition proof:
This proof uses the fact that the conditional statement.p — q is equivalent!
contrapositive, ~q = ~ p.
» To prove p — q we will prove ~q = ~p. Here we take ~q as a hypothesis and!
related facts, we will show it will follow ~p.
When easily we are not getting a direct proof, then proof by contraposition is very us

(ii) Proof by contradiction:

In this type of proof, we assume the opposite of what we have to prove, and by 1?
reasoning we get a contradiction. Hence we can conclude that our assumption was "
Therefore the original statement is true i.e. if we want to prove that the statement p g
then we use contradiction that, assume ~p is true and prove that ~p — q is trué
statement q is false (we know that, if ~p is T, q is F then ~p — q must be false).

. We can conclude ~p is false — p is true.
Let us solve some examples on both the types of indirect proofs.
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Ilustration 2.9.1:
Ifn € Z and n® + 5 is odd, then n is even.

Solution:
(i) Proof by contraposition:
Here p:n3+5isodd (Original hypothesis)

q: n iseven : (Original conclusion)
I.‘he c.ont-raposmve of the given conditional statement p—qis~q—> ~p.
- ~q:nis odd
~p:n3+5iseven
Now we will take ~q as hypothesis and prove that ~p is true.
Letnis odd = n =2k + 1 for some ke Z
~nd+5  =(2k+1)3+5 Substituten =2k + 1
=8k3+12k2+6k+1+5
= 2(4k3 + 6k2 + 3k + 3)
=2KwhereK=4k3+6k2+3k+3 e Z
ie.n3+5iseven.
- ~pis truei.e. p is false.
~p is the negation of the original hypothesis i.e. ~q implies p is false (But p is true given)
.. The original conditional statement is true.

(ii) Proof by contradiction:
Here we have to prove that if n3 + 5 is odd then n is even, so we will assume the contradiction

that n is odd.
Let us assume that n is odd.

~n=2k+1forsomeke”Z
n3 + 5= (2k + 1)3 + 5 = 2K which is even as above

~.n3+ 5 is even but it is given that n3 + 5 is odd.
.. Our assumption that n is odd is wrong

.. niseven, ,
Observe that the steps followed in both proofs are same.

llustration 2.9.2:
Prove that\/-é is irrational. Use proof by contradiction.

iolution:
Let us assume that\ﬁ’; is rational.
: a :
-A[3 rational = 3a, b € Z such that\/g =1 b #0,aand b have no common factors.

A3 = % By definition of rational numbers
BB % Squaring both sides
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3b? = a? = a? is multiple of 3
= ais multiple of 3 ,
[Otherwise a ¢ Z e.g. a* = 12 then a2 is multiple of 3 but a = \/f?. ¢ Z.. amustbe mulﬁple
Since a is a multiple of 3 it can be written as a = 3k for some k € Z
s 3b? = a? gives 3b2 = (3k)? .. 3b2 =9k?2
~ b?=3k? = Db?is a multiple of 3
= b is also a multiple of 3
i.e. a and b both have a common factor 3.

: :
But \/3 =}, are such that a and b have no common factor.
. Our assumption \/5 is rational is wrong.
\/3 is irrational.
. . a .
=1 S0 we can write rational number as b With no g

45
[Note that let n = 30 ~15x2

factor between a and b]. ;
Relation between proof by contraposition and proof by contradiction:
The proof by contraposition can be converted into proof by contradiction. Using the

sequence of steps used in proof by contraposition.
We have to prove that if p then q.

Proof by Contraposition Proof by Contradiction
Take contrapositive i.e. ~q = ~p | p is given to be true.
Assume ~q as hypothesis Assume ~q is true
Step 1 , Step 1
' 2:

n: In:
Conclude ~p is true Conclude ~p is true
= If ~q then ~p Contradiction: p and ~p both are true
implies.if p then q - . qis true '

EXERCISE 2.4

Use contraposition proof and contradiction proof for example 1 to 4
(1) Prove that, if n € Z and 3n + 2 is even then n is even,
(2) Provethat,ifn € Z and n2is odd, thenn is odd,
(3) Prove that, ifn € Z and 3n + 2 is odd, then n is odd.
(4) Prove thatif n=ab, a, b are positive, then a <4/n orb <4/n.
(5) Prove by contradiction, for any x € Z, x2 - 2 is not divisible by 4.

'6) Prove by contradiction A[5 is irrational.
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210 DIVISION INTO CASES:
The proof by cases method make use of the equivalence (H; v H> v ... v Hy) — q is true by
showing that H->9P9rH->qAHi-> Q) A...A (Hn = q) is true.

Following are the steps:
(1) Divide the proposition into all possible cases.

(2) List all the cases.
(3) For each case, prove that the proposition is true.

(4) Conclude that the given proposition is true.
Illustration 2.10.1:
Prove that V n € Z+, n® + n is even.

Solution:
For a positive integer n, there are two possibilities:

(i) n is even (ii) n is odd.
We have to prove the given conclusion i.e. n3 + n is even is true for both cases.

Case (i): n is even

= n =2k for some k € Z+

L n3+n = (2k)3 + 2k Substitute n = 2k
= 8k3 + 2k
=2(4k? + k) Take 2 common

= 2K is even

- nisever = n3+niseven

Case (ii): n is odd

=n=2k+1 for somek € Z+

snd+n =2k+1)83+(2k+1)
=8k3+12k2+ 6k +1 + 2k +1
= 8k® + 12k? + 8k + 2
=2(4k3 + 6k2 + 4k + 1)
= 2K is even

- nisodd = n?®+niseven

In all cases the conclusion is true.

By definition of even number 'K =4k3+ k € Z*

K=4k3 +6k2+4k+1 e Z*

.. VneZnd+niseven.
llustration 2.10.2:
Prove that |xy| = |x| ly]

olution:
Divide into following cases:
Case (i):
x20,y20.. xy20= Ixy| =xy and |x| =X, [y| =y

“ Xyl = xy = |x| Jyl
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Case (ii):
x20,y<0 .. xy<0=|xy|=-xy,and |x| = X, |y| ==y
Iyl = =xy =x(=y) = ¥ Iyl
Case (iii):
x<0,y<0.. xy20= |xy|=xy, and [x| =X, [y| =~y
C Xyl =xy = (=%)(y) = Xl ly]
Case (iv):
x<0,y20 .. xy<0=|xy|=-xy and |x| ==X, |y| = y
s Xyl ==xy = (=x)(y) = x| ly]
~ Iyl = x| [y] is true in all cases.
S xyl= x| lyl
Ilustration 2.10.3:
Prove thatif x e R then |x + 3| -x > 2
Solution:
Case (i) Assume x2-3=>x+3>0=> [x+3|=x+3
SX+3l-x=x+3-x=3>2
Sx+3l-x>2
Case (ii) Assumex <-3=x+3< 0= |x + 3| = =(x + 3)
Sx+3l=-x=—(x+3)-x=-2x-3<-2(-3)-3=6-3=3>2
SX+3l-x>2
= In all possible cases we are getting [x + 3| - x > 2.

Parity of an integer:
It is the property of an integer of being even or odd.
e.g.: 10 and 18 numbers have same parity since both are even, 10 and 13 numbers k
opposite parity since one is even and other is odd.
Theorem 2.10.1: (parity theorem):
Any two consecutive integers have opposite parity.
/

Proof:

By division into cases.
' Let n and n + 1 are two consecutive integers. We have to show that n and n + 1 have opp*
#  parity.
- Case (i) nis even

= n =2k for somek € Z

= n+1=2k+1whichisodd

. niseven = n+1isodd

Case (ii) n is odd

=n=2k+1forsomekeZ

=>n+1=2k+1+1=2k+2

= n+1=2(k+ 1) whichis even
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- nisodd=n+1liseven
-. Consecutive integers have opposite parity.

Theorem 2.10.2:

There is no integer which is both even and odd.
Proof:

Let x € Z, such that x is even and odd. Assuming contradiction

. -2k

~nx=2k by definition of even integer, k € Z

Lx=2k'+1 by definition of odd integer, k' € Z

. 2k:2k'+1=>2k—2k’=1=>2(k—k')=1

1
—=k-k=5butk keZ =k-%k € :and% e Z .. k—k’=‘}; and k-X € Z
| S ]

sutk-X =3 € Z,which is a contradiction.

-. Our assumption is wrong. .. No integer is both even and odd.
Mlustration 2.10.4:

For any given integers x, y and z, if x - y is even and y - z is even, then what is the parity of 2x
-(y+2)? ’
solution:

Given (x —y) and (y - z) both are even. We know that addition of two even integers is even
s (x-y)+(y-2)=(x-2)iseven ...(1)
Consider 2x - (y +z) = (x-y) + (x—2)

(x-y) is even and by.(1) (x—2) is even

2x - (y + z) = addition of two even integers which is even.

. parity of 2x - (y + z) is even.

Hustration 2.10.5: _
Prove that, from any three given natural numbers, we can select two of them with even sum.

olution:
Let a, b, c € N are any three natural numbers.
Case (i): All are odd.
Then odd + odd = even.
Case (ii):  All are even.
Then even + even = even.
Case (iii); One even and two odd.
Then take two odd numbers.
odd + odd = even.
Case (iv): One odd and two even.
Then take two even numbers.

even + even = even
. From any three natural numbers we can select two with even sum.

L]
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2.11 QUOTIENT-REMAINDER THEOREM: R T
If n and m are integers and n > 0 we can write m = qn + 1 for integers q =R
(Seen in Section 2.8) inder.

Here q is called quotient, n is divisor, m is dividend and r is rema
Div and Mod functions: Let m be a non negative integer and n be a positive integer, thep

m div n = the integer quotient obtained after dividing m by n.

mmodn = the integer remainder obtained after dividing m by n.
e.g, m=37,n=5
. 37=7(5)+2
Lq=7,r=2
- 37 div5 =7 and
- 37mod5=2
Examples: _
35div7=5,35mod 7 =0
8div10=0,8mod10=8
S~ mmod2 =0ifmiseven integer .. r = 0

=1if mis odd integer .. r=1
Remember r must be less than 2... m = 2qgorm=2q+1
For any integer m, m mod k are the integers from 0 to (k- 1)

h

mod  forms remainders
2 29,2q+1 0,1
3 39,3q+1,3q+2 0,1,2
4 49,49+1,4q+2,4q+3 0,1,23
5 59,59 +1,5q+2,5q+3,5q+4 0,1,2,3,4
k kq, kq+1,kq+2,...,kq+(k-1) 0,1,2 ..., (k-1

Note that: Any integer m can be written in one of the four formsm=4q, m = 4q+1,m=
2, m=4q+3.

Illustration 2.11.1:
Prove that the square of any odd integer can be written in the fo
Solution:

Let m be an odd integer. By Quotient - Remainder Theorem, m can be written as m =4
where g, r € Zsuch that0<r <4

. The possible value of rare 0,1, 2, 3.

m=4q+0

m=4q+1

rm 8k + 1, for some intege

= 2(2q) which is even

=2(29+1) -1 which is odd
m=4q+2 =2(2q + 1) which is even

= 2(

M2 2q+1)+1Wh1ChlSOdd
.. We have to take only two cases _

m = 4q + 1 and m = 4q + 3 since m is odd.

)
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Case (i)
m=4q+1
wm?=(4q+1)=1692+8q+1=82q +q)+1=8k+1
vqel=>k=2q*+qeZ
Case (ii)
m=4q+3
oom?=(4q+3) =160 +24q + q =822+ 3q + 1) + 1 =8k + 1
vqel=>k=2¢+3q+1eZ
-, If mis odd then m2 = 8k + 1
Illustration 2.11.2:

Provethat Vx,y € Z,if xmod 7 =5 and.y mod 7 = 6 then xy mod 7 = 2.
Solution:

- xmod7=5=x=7q+5 forsomeq e Z
. ymod7=6=y=7q +6forsomeq & Z
Consider xy= (7q + 5)(7q" + 6) = 49qq’ + 42q + 359" + 30

=7(7qq" + 6q + 59" +4) +2
Sxy=7K+2 where K =7qq’ + 6q+5q" +4
. =>xymod7=2
- INustration 2.11.3:
" Forx e Z If xmod 5 =4 then 7x mod 5 =?

Solution:
. xmod 5=4=x=5q+4forsomeq e Z
- 7x=7(5q +4)=35q+28=5(7q +5) +3
s 7x=5K+3 whereK=7q+5
=>7xmod5=3
- Illustration 2.11.4:
. Using quotient remainder theorem m = nq + 1, 0< r < n. Prove that the product of any three
consecutive integers is divisible by 3. Take n = 3.
- Solution:
By Quotient remainder theorem, m can be written in one of the formm =3q, m=3q+1, m =
B3q + 2.
" Let the three consecutive numbers are (m - 1), m, (m + 1)
Product of three consecutive numbers =(m-1)m (m + 1)
=m3-m

Case (i): m = 3q
‘. m?-m = (3g)3 - (39) =27¢3-3q

=394’ ~-q)
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Case (ii): m=3q +1 ' .
~mdi-m=(3q+1P2-(3q+1) =27 +27q2 +9q +1-39 -

=273 + 27 + 69

=3(9¢® + 99> + 2q)
Case (iii): m = 3q + 2 ,
~mP-m=(3q+2)°-(3q+2) =27¢3 + 542 + 369 + 8 - 3q -

=27q3 + 54q2 +33q + 6

=3(9¢? + 18¢2 + 11q + 2)
-, In all 3 cases, it is divisible by 3.

EXERCISE 2.5

(1) Proof by division into cases (1 to 4) for V x € R:

e

Iyl
(i) [x+y[<|x]+]yl
(2) Product of any two consecutive integers is even.
(3) ProvethatVx,y e Z, if xmod3=2,and y mod 3 =1 then (x + y) mod 3=0

(@) ProvethatVx e Z, x2-x +3is odd.

(5) Prove that the square of any integer can be written in the form 4k or 4k + 1 for somek e Z.

(6) For any given integers X, y and z, if (x + y) and (y - z) are odd, then prove that the parity of 2y + (x.
is even.

(7) Forx e Z.1f xmod 11 = 6 then show that 4x mod 11 = 2.

MATHEMATICAL FUNCTIONS FOR COMPUTER SCIENCE: (FLOOR |

212
CEILING)
Floor function: Floor of x is the greatest integer less than or equal to x, denoted by

Therefore we can say that the floor of x “rounds x down”.
Ceiling function: Ceiling of x is the smallest integer greater than or equal to x, denoted b

Therefore the ceiling of x “rounds x up”. .
Note: If x is itself an integer, then Ix]=T x ], otherwise Lx!+1=[x].
X
£ e 4=

n
t Floor of x = | x|

X
}
n-1

€ . —
fia Celling of x =[x

INlustration 2.12.1:
[314]=3 [-314)=-4 [3]=3 |-3]=_3 l\3l=1

[3141=4 [-3141=-3 [3]1=3 [-3]-_3 G2
Theorem 2.12.1;
¥xeRand ¥meZ [x+m]=[x]+m,
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Proof:
Let |x] = n, then by definition of floor funcionn<x<n+ 1.
Addmtoallsidesn+m<x+m<n+m+1]
Sincen,m € Z
n+meZ.Letn+m=p
psx+m<p+1

|x+m] =p
[x+m] =n+m Butn = |x]
[x+m]=|x]+m
[llustration 2.12.2:
Let f(n) = In/2] + In/3] for n e N. Find. f (42) and (35).
Solution:

~f(42)=142/2] + 142 /3] = |21] + [14] =21+ 14 =35
~f(35) = [35/2] + 135/3] = |17.5] + [11.67] =17 + 11 = 28,
[llustration 2.12.3:

Prove that for any non-integer real number x, |x] + |-x] =-1.
Solution: |

~ Let|x] =n..n<x<n+1 Sincexisnon-integer.
. Multiplying both sides by - 1 we get
=n>-x>-n-1 '

"-n-1<-x<-n - —n-14saninteger.
|-x] ==n-1

Ux)] +|-x)]=n+(-n-1)=-1.

llustration 2.12.4:

Show that if n is an odd integer. [n2/4] = (n2+3) / 4.
olution: Since n is an odd integer therefore for some integer m
n=2m+1 son2=(2m + 1)2
n2=4m2+4m +1
n2=4(m2+m) +1
We know that,
Dividend = Divisor (Quotient) + Remainder.

59

8 Xik)

-. It shows that when n? is divided by 4 it leaves remainder 1. If 3 is added to this then the
ew number is divisible by 4 and the new quotient is the next immediate integer which is greater

\ann2 / 4,
~[n2/4)= (n2+3) / 4.
lustration 2.12.5:

How many bytes are required to encode n bits of data where each byte is made up of 8 bits.

(n=500 (i)n=195
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Solution:

The number of required bytes is the smallest integer which is greater than or equal tog
8-
500
) B [-8_-] =[62.5] =63

(i) - [ %1 = [24375] =25
Ilustration 2.12.6:
Prove [x+3] = [x] + 3
Solution:
Let [x] = n then by definition of ceiling funcionn-1<x<n
~n-=-1+3<x+3<n+3 Adding 3 to all sides
LN+2<x4+3<n+2+1
LPp<x+3<sp+1 Letp=n+2
fx+3]=p+1=n+2+1
Ix+3]=0x]1+3
INustration 2.12.7:
Prove x2— [x]J2<2|x] +1
Solution:
Let [x] =n
n<x < n+1l
m<x2 < (n+1p
x2 < (n+1p
X-|xJ? < (n+1)2-|x])2
<m+2n+1-n2
< 2n+1
< 2|x)+1
sx2-x]2<2|x] +1
Theorem 2.12.2:
IfmeZandneZ7,ifq=|m/nfandr=m-n |m/n| thenm=qgn+rand0<r<n.
Proof: .
LetmemeZandne Z*,q=|m/n} andr=m-n |m/n|
We have to prove thatm=gqn+rand0<r<n
Considergn+r=|m/n]Jn+m-n|m/n}=n|m/n| +m-n i/ fo=m
Lm=qgn+r
Now to prove that 0 <r<n
Given q = [m/n] .. By definition of floor function
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qg% <q+1

Lgnsm<gn+n
Lqn-qns=m-qn<qn+n-qgn
n0<m-gqn<n

~0sr<n “m=qn+r=r=m-qn
Illustration 2.12.8:
Using floor function, find 593 div 13 and 593 mod 13.
Solution:
593 div 13 = [593/13] = |45.61538461...] = 45
593mod 13 =593 -13.|593/13
=593 - 13(45)
=593 - 585
=8
[lustration 2.12.9:
Prove that for any odd integer n, [n2/4] = (HT_l) (n ; 1)
Solution:

Letn=2k+1forsomekeZ
Consider LHS

3] [ ] - [ [ - [ v

n-— n+1 n2—-1 (k+1)2-1 4k?+4k+1-1
RHS:( 2 )( 2 )= p=s e e 4 o

k+k

. LHS=RHS
: EXERCISE 2.6
- (1) Let f be the mod-10 function. Compute
(a)f (81) (b) £(316) (c) £(1057)
() Find @)[13.2] ) [132] () l-13.2] (d) [-132] (e) L-0.17]
®-0171 (g) L13] (h) [13]
(3) Forx e R, show that [2x] = |x] + [x+1/2].
- (4) How many bytes are required to encode n bits of data where each byte is made up of 8 bits.
(i)n =253 (ii)n=1017 (iii) n = 680

S n2+3
 (5) Prove that for any odd integer n, [n?/41= =5~

: ANSWERS 2.6
(1) @1, (b) 6 (c) 7
(2) (@)13 (b) 14 (c) -14 (d) -13 (e) -1 (f) 0 (g) 13 (h) 13
(4) (i)32 (ii) 128 (iii)85
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2.13  INDIRECT ARGUMENTS: (TWO-CLASSICAL THEOREMS)

The following two famous theorems of mathematics are the examples of indirect arg“men
Theorem 2.13.1: (Classical Theorem) |

Prove that \/5 is irrational.
Proof: .

Let us assume that\fi is rational.

a
- 3a,b e Z,b=0,and no common factor between a and b such that \/T’Z =5

+.2b2= 2% = (2k)? = 2b2 = 4k2 = b2 = 2k? = b? is even
= b is even
Now a and b are both even

= 2 is common factor of a and b which contradicts the fact that a and b have no cqp
factor.

». Our assumption \fi is rational is false.
\/5 is irrational.
Theorem 2.13.2 (Classical Theorem):
There are infinitely many prime numbers
Proof:
Let as assume that there are finitely many primes.

LetP1=2<P,=3<P;=5<....< Pyare all the primes. Now construct a new number P as
P=Pi1Pa..Pa+1clearlyP>Pifori=1,2,..,n
Since Py, Py,...Pq are all primes P cannot be a prime
~. P must be divisible by at least one of P; for i = 1250700
Let us say P is divisible by P, 1 <m <n
- P=(Py, Py P) (Pa) + 1. (By Quotient-Remainder Theorem)
~» When P is divided by P, we get 1 as remainder

i.e. Pm is not a prime number from Py, Ps,...P, which is contradiction to our assumptio
Py, Ps,...Py, are all the primes. : '

< There are infinitely many primes.
Illustration 2.13.1:

Prove that 3 + 5’\/-2. is irrational.
Solution:

Let us assume that 3 + 5\/5 is rational.

3+5\/-2'=% forsomea,be Z, bz0

S 5\2= -3
-3b

L B2==

I e E )
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a-3b
nA2==5 “abeZ=a-3becZandb#0=>5b%0cZ
Letx=a-3bandy=5b

X
N2 =7
V2 =5
= /2 is rational number by definition of rational number.

This contradicts the fact that[2 is irrational.
- Our assumption was wrong.

s3+ 5‘\/_2- is irrational.

214  APPLICATIONS IN ALGORITHMS:

An algorithm is a step by step procedure for solving a problem. It is described by an input
data, output data, preconditions (specify restrictions on input data) and post conditions (specify
the result). :

Properties of algorithm:

It must be

e Finite

o Executable

e Unambiguous

e 0 ormoreinput

e 1 or more output

e  General (can solve a particular type of problem for which it is written)

While writing an algorithm the following information can be included:

e Name of the algorithm

e List of input and output variables with their names and data types.

e Description of working of algorithm. :

e The step by step procedure of the algorithm with explanation wherever required.

Algorithms can be transformed into program using any high level language.

Division Algorithm:

[llustration 2.14.1:
Given m a non negative integer and n a positive integer, write an algorithm to find integers q

and r such thatm=qn+r,0<r<n
Solution:
Division Algorithm
Input m and n as given type
Stepl: r=m,q=0

Step 2: while (r2n)  (loop will continue till r 2 n. It will stop when r becomes less than n

r=r-n repeatedly subtract n fromr)
q=q+1 (Add 1 to q for each iteration)
end while

(After finishing execution of the loop, m = qn +r)
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Output:  q,r (non negative integers)
Euclidean Algorithm:
IMlustration 2.14.2

Given two integers m > n 2 0. Write an algorithm to calculate ged(m, n).
Solution:

Euclidean Algorithm
Input: m and n as given
Steplir=n |
Step 2: while (n # 0)
r=mmodn  (This value can be calculated by calling the division algy,
m=n
n=r
end while
ged =m
Output: ged
Ilustration 2.14.3

Use division algorithm for input m = 21, n = 4 to find quotient q and remainder r.
Solution:

Input: m=21,n=4

Stepl:r=21,q=0

Step 2: while (r =21 >n =4)
Condition | T/F | IterationNo. | r=r-n | q=q+1
2124 T 1 21-4=17 | 0+1=1
1724 T 2 17-4=13 | 1+1=2
13>4 T 3 13-4=9 | 2+1=3
924 | T 4 9-4=5 | 3+1=4
524 T 5 5-4=1 | 4+1=5
124 F Exit Loop
Output: q=5r=1
21=5x%x4+1
Illustration 2.14.4
Use Euclidean Algorithm to find ged, for inputs m = 105, n = 90.
Solution:
Input: m =105, n =90
Step 1:r =90 ‘
Step 2: while (90 =n = 0)
Condition | T/F | IterationNo. | r=mmodn | m=n n=r
90#0 T 1 15 90 15
150 T 2 0 15 0 |
00 I3 Exit Loop e
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Condition | T/F

[teration No. | r=r-n

Mol

n"

-t |0
+
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5 |
2277 | T | 1 ; 45 i
v | T | 2 g 18 | 2 ]
18227 | F | Exit Loop ?
Q=2r=180T2 =227 418
Euciidean Algorithm
Condition | T/F | IterationNo. | r=mmodn | m=n | n=r |
=0 | T | 1 ; 18 | 22 | 18
1S=0 T | 2 | 9 | 18 9
9=0 | T | 3 5 0 I 0 |
0=0 | F | Exit Loop

EXERCISE 2.7

ANSWERS 2.7
(dq=29,r=7()q=26r=1(i)q=5,r=58
@6 @45 @)1l @)1
ASSIGNMENT 2

Find the negations of the following.
i) Pa(gar)
i (pegvi~q—-r)

(iii) (p—=>q)ar . )
Determine the truth value of each of the following statements where U = [1, 2, 3} is the universal set.

(@3xVy x*<y+1 () ¥x 3y, x?+y3< 12 () ¥x ¥y, x*+yv3<12
Negate each of the following statements.

(a)3xeA, x+4=11 (b) ¥x A, x+4<1l

(c)3x A, x+2<4 (d) ¥xeA x+4s7

Where A ={1, 2, 3, 4,5}




66
4)

(5)

(6)

(7)

(8)

9

™ |

Vipul’s™ Discrete Mathem%
(¢

N

Convert into logical form and then negate the following statements.
(i) Everybody likes somebody.

(ii) All even integers are divisible by 2.

(iii) Every natural number is an integer.

(iv) Some healthy can fly.
Convert the following arguments using quantifiers: .

(i) All healthy people are vegetarian.
Mona is not healthy.

. Mona is not vegetarian.
(ii) All healthy people do exercise every day.

Ruby does exercise every day.

- Ruby is a healthy person.
(iii) No good car is cheap.

Ford is not cheap.

. Ford is a good car.

Prove directly that:
(i) The difference of odd and even integer is odd.
(ii) The difference of any two rational numbers is a rational number.

(iii) If r, s € Z such that r is even and s is odd then r2 + 3s is odd.
(iv) Ifr € Z is an odd integer than a2 + a is even.

Prove by contraposition proof or contradiction proof.
(i) The sum of any rational and any irrational number is irrational.

(ii) V x € Z, if x2is even then x is even.
(iii) If a, b, c € Z and a2 + b2 = ¢2, then at least one of a and b is even.
(iv) V x,y € Z, if x+y is even then either both x and y are even or both are odd.

(v) Forx,y eZ,if x +y <50 then either x <25 ory <25

(vi) 6 - 7-\f§ is irrational.

(vii)A2 + A[3 is irrational.

Prove by proof by cases:

(i) EveryxeZ,x4=8norxi=8n+1

(ii) Every x € Z, s.t. x = n3 then x is multiple of 9 or 1 less than multiple of 9 or 1 more than mu

%
(Hint: Take n =3p, 3p-1,3p -2)
(iii) V x, y € Z,x + y and x -y both are either even or both are odd.

(Hint: Take 3 cases, x, y both even, both odd and one even and one odd)

X X
(iv) I_EJ i '—5—' =x V x e Z. (Hint: Take 2 cases x is odd, x is even)

Use Quotient remainder theorem to prove that the product of any two consecutive integefsr
form 3p or 3p + 2 for some k € Z. Take n = 3,

(10) Prove that V x € Z, (a) if xmod 5 = 3 then x2mod 5 = 4; (b) if xmod 7 = 6 then (5x - 3) mod7=6
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(11) For any given integers x, y and z, if (x - y) is odd and (y - z) is even, then what is the parity of x +y =
2z?

(12) Prove that m(m? - 1)(m + 2) is divisible by 4 for any m € Z.

(13) Total number of passengers = 30 and capacity of each vehicle =7

(i) What is the maximum number of vehicles required, if each will send with full capacity?
(Hint: Use floor function)

(ii) How many vehicles are required if one vehicle is partially filled?
(Hint: Use ceiling function)
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